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This paper investigates the five-dimensional(5D) spherically symmetric
gravitational collapse with positive cosmological constant in the presence of
an electromagnetic field. The junction conditions between the 5D non-static
interior and the static exterior spacetimes are derived using the Israel criteria
modified by Santos. We use the energy conditions to discuss solution to the
field equations of the interior spacetime with a charged perfect fluid for the
marginally bound and the non-marginally bound cases. We found that the
range of apparent horizon was larger than that for 4D gravitational collapse
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I. INTRODUCTION
In general Relativity (GR), the spacetime singularity forms due to gravi-
tational collapse of a massive astrophysical object. According to singularity
theorems [1], the singularities exist in the form of either future or past incom-
plete spacelike geodesics. In other words, trajectories of material particles
(photons) will come to a sudden end (disappear from the spacetime). The
singularity theorems fail to provide practical information on the nature of
the singularity.
It has been an interesting open problem to know the final fate of the
gravitational collapse. Penrose [2] suggested that the spacetime singularity
is always covered by the event horizon. This is known as the Cosmic Cen-
sorship Hypothesis (CCH), which has no mathematical or theoretical proof.
The spacetime singularity would be a black hole or a naked singularity, de-
pending on the initial data and the equation of state. Many efforts have been
made to prove or disprove the CCH. For this purpose, Virbhadra et al. [3]
introduced a new theoretical tool using gravitational lensing. Virbhadra [4]
used gravitational lensing to find an improved form of the CCH.
Oppenheimer and Snyder [5] are pioneers who investigated dust collapse
by taking the static Schwarzschild spacetime as an exterior spacetime and
a Friedmann like solution as an interior spacetime. They concluded that a
black hole is the final fate of gravitational collapse. Markovic and Shapiro
[6] generalized this work by taking a positive cosmological constant. Lake
[7] extended it for both positive and negative cosmological constants. Sharif
and Ahmad [8] extended spherically-symmetric dust gravitational collapse
with a positive cosmological constant to a perfect fluid.
Recent developments in string theory and other field theories indicate that
gravity is a higher-dimensional interaction. It would be worthwhile to study
gravitational collapse and singularity formation in higher dimensions. Ghosh
and Banerjee [9] have studied dust collapse with five-dimensional Tolman-
Bondi spacetime. In a recent paper, Sharif and Ahmad [10] studied the gravi-
tational collapse of a perfect fluid in 5D for spherically symmetric spacetimes.
The behavior of the electromagnetic field in a gravitational field has been
the subject of interest for researchers over the past decades. The inclusion
of an electromagnetic field in gravitational collapse predicts that the gravi-
tational attraction is counterbalanced by the Coulomb repulsive force along
with the pressure gradient [11]. Sharma et al. [12] concluded that the elec-
tromagnetic field affects the values of the red-shifts, the luminosity, and the
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masses of relativistic compact objects. Nath et al. [13] demonstrated that
the electromagnetic field reduces the pressure during gravitational collapse.
Recently, we [14] found that the electromagnetic field, along with the matter
field, in gravitational collapse increases the rate of collapse.
It would be interesting to study the gravitational collapse of a perfect
fluid in 5D with an electromagnetic field. The junction conditions between
the spherically-symmetric spacetimes are discussed using the Israel criteria
modified by Santos. A closed form of the exact solution of the field equations
in 5D exists for marginally bound (F (r) = 1) and non-marginally (F (r) 6= 1)
bound cases. This distinguishes the 5D case from the 4D, in which only a
marginally bound solution is possible. The main objectives of this work are
to study the effects of an electromagnetic field on the rate of collapse in 5D
and to see whether or not the CCH is valid in this framework.
The plan of the paper is as follows: In the next section, the junction
conditions are given. In Section III, we find the 5D spherically symmetric
perfect fluid solution of the Einstein field equations with a positive cosmo-
logical constant in the presence of an electromagnetic field for the marginally
bound (F (r) = 1) and the non-marginally bound (F (r) 6= 1) cases. The
apparent horizons and their physical significance are presented in section IV.
We conclude our discussion in the last section. The geometrized units (i.e.,
the gravitational constant G=1 and speed of light in vacuum c =1 so that
M ≡ MG
c2
and κ ≡ 8piG
c4
= 8pi) are used. All the Latin and Greek indices vary
from 0 to 4; otherwise, the indices will be given.
II. JUNCTION CONDITIONS
A timelike 4D hypersurface Σ is taken such that it divides a 5D space-
time into two 5D manifolds, V − and V +, respectively. The 5D spherically
symmetric spacetime is taken as an interior manifold V − [15]
ds2
−
= dt2 −X2dr2 − Y 2(dθ2 + sin2 θdφ2 + sin2 θ sin2 φdψ2), (1)
where X = X(t, r) and Y = Y (r, t). For the exterior manifold V +, we take
the 5D Reissner-Nordstro¨m de-Sitter spacetime
ds2+ = ZdT
2 − 1
Z
dR2 −R2(dθ2 + sin2 θdφ2 + sin2 θ sin2 φdψ2), (2)
where
Z(R) = 1− M
R2
+
Q2
2R3
− Λ
6
R2, (3)
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M and Λ are constants and Q is the charge. The Israel junction conditions
modified by Santos [16, 17] are
1. The continuity of the first fundamental form over Σ gives
(ds2
−
)Σ = (ds
2
+)Σ = ds
2
Σ. (4)
2. The continuity of the second fundamental form over Σ gives
[Kij] = K
+
ij −K−ij = 0, (i, j = 0, 2, 3, 4), (5)
where Kij is the extrinsic curvature defined as
K±ij = −n±σ (
∂2xσ
±
∂ξi∂ξj
+ Γσµν
∂x
µ
±∂x
ν
±
∂ξi∂ξj
). (6)
ξi correspond to the coordinates on Σ and xσ
±
are the coordinates for V ±. The
Christoffel symbols Γσµν are found from the interior or the exterior spacetime
and n±σ are components of the outward unit normals to Σ in the coordinates
xσ
±
.
The equations of the hypersurface Σ in terms of the coordinates of the
interior and the exterior spacetimes are given as [18]
h−(r, t) = r − rΣ = 0, (7)
h+(R, T ) = R− RΣ(T ) = 0, (8)
where rΣ is a constant. Using Eqs. (7) and (8) in Eqs.(1) and (2) respectively,
it follows that
(ds2
−
)Σ = dt
2 − [Y (rΣ, t)]2(dθ2 + sin2 θdφ2 + sin2 θ sin2 φdψ2), (9)
(ds2+)Σ = [Z(RΣ)−
1
Z(RΣ)
(
dRΣ
dT
)2]dT 2
− RΣ2(dθ2 + sin2 θdφ2 + sin2 θ sin2 φdψ2). (10)
For T to be a timelike coordinate, we assume that
Z(RΣ)− 1
Z(RΣ)
(
dRΣ
dT
)2 > 0. (11)
From Eqs. (4), (9) and (10), it follows that
RΣ = Y (rΣ, t), (12)
[Z(RΣ)− 1
Z(RΣ)
(
dRΣ
dT
)2]
1
2dT = dt. (13)
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The outward unit normals to Σ in M− and M+ are
n−µ = (0, X(rΣ, t), 0, 0, 0), (14)
n+µ = (−R˙Σ, T˙ , 0, 0, 0). (15)
The components of the extrinsic curvature K±ij turn out to be
K−00 = 0, (16)
K−22 = csc
2 θK−33 = csc
2 θ csc2 φK−44 = (
Y Y ′
X
)Σ, (17)
K+00 = (R˙T¨ − T˙ R¨−
Z
2
dZ
dR
T˙ 3 +
3
2Z
dZ
dR
T˙ R˙2)Σ, (18)
K+22 = csc
2 θK+33 = csc
2 θ csc2 φK+44 = (ZRT˙ )Σ, (19)
where dot and prime indicate differentiations with respect to t and r, respec-
tively. Continuity of the extrinsic curvature gives
K+00 = 0, K
+
22 = K
−
22. (20)
When we make use of Eqs. (16)-(20) along with Eqs. (3), (12) and (13), the
junction conditions turn out to be
(XY˙ ′ − X˙Y ′)Σ = 0, (21)
M = (Y 2 +
Q2
2Y
− Λ
6
Y 4 + Y˙ 2Y 2 − Y 2Y
′2
X2
)Σ. (22)
Equations. (12), (13) and Eqs. (21), (22) are the necessary and the sufficient
conditions for matching of the interior and the exterior regions.
III. SOLUTION OF THE EINSTEIN FIELD
EQUATIONS
The Einstein field equations with a cosmological constant are
Gµν − Λδµν = κ(T µν + Eµν ). (23)
The energy-momentum tensor for a perfect fluid is
T µν = (ρ+ p)u
µuν − pδµν , (24)
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where ρ is the energy density, p is the pressure, and uµ=(1,0,0,0,0) is the
5-vector co-moving velocity. Eµν is the energy-momentum tensor for the elec-
tromagnetic field given by
Eµν =
1
4pi
(−F µωFνω + 1
4
δµνFδωF
δω). (25)
First, we solve the Maxwell field equations
Fµν = φν,µ − φµ,ν , (26)
F µν;ν = −4piJµ, (27)
where φµ is the five potential and J
µ is the five current. Because we have
taken the charged fluid in a co-moving coordinate system, the magnetic field
will be zero in this case. Consequently, the five potential and the five current
can be taken as
φµ = (φ(t, r), 0, 0, 0, 0), (28)
Jµ = σδµ0 , (29)
where σ is the charge density.
We treat µ and ν as local coordinates for the solution of Maxwell field
equation, Eq. (27). Thus, the non-zero components of the field tensor are
evaluated by using Eqs. (26) and (28) as
Ftr = −Frt = −∂φ
∂r
. (30)
Also, Eqs. (27) and (29) yield
1
X
∂2φ
∂r2
− ∂φ
∂r
X ′
X2
= −4piσX, (31)
1
X
∂2φ
∂r∂t
− X˙
X2
∂φ
∂r
= 0. (32)
The last equation implies that
(
1
X
∂φ
∂r
) = K(r), (33)
where K is an integrating function and gives the electromagnetic field con-
tribution. Equations (31) and (33) yield
K ′(r) = −4piσX. (34)
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The field equations in Eq. (23) for the interior spacetime are written as
Gtt = −
3
X2
(
Y ′′
Y
− X
′
X
Y ′
Y
+
Y ′
2
Y 2
) + 3(
Y˙ 2
Y 2
+
X˙
X
Y˙
Y
) +
3
Y 2
= Λ +K2 + 8piρ, (35)
Grr = −
3Y ′2
X2Y 2
+ 3(
Y¨
Y
+
Y˙ 2
Y 2
) +
3
Y 2
= Λ− 8pip+K2, (36)
Gθθ = −
2
X2
(
Y ′′
Y
− X
′
X
Y ′
Y
− Y
′2
2Y 2
) + 2(
Y¨
Y
+
X˙
X
Y˙
Y
+
Y˙ 2
2Y 2
+
X¨
2X
)
+
1
Y 2
= Λ− 8pip−K2, (37)
G
φ
φ = G
ψ
ψ = G
θ
θ = Λ− 8pip−K2, (38)
Gtr = −3
Y˙ ′
Y
+ 3
X˙
X
Y ′
Y
= 0. (39)
To solve these equations, we first integrate Eq. (39) with respect to t so
that
X =
Y ′
F
, (40)
where F = F (r) represents the energy inside the hypersurface Σ. Making
use of Eqs. (36) and (40), we get
Y¨
Y
+ (
Y˙
Y
)2 +
1− F 2
Y 2
=
Λ− 8pip+K2
3
. (41)
The energy-momentum conservation equation for matter, T νµ;ν = 0, shows
that the pressure is a function of t only, i.e., p = p(t). Using this value of p
in the above equation, it follows that
Y¨
Y
+ (
Y˙
Y
)2 +
1− F 2
Y 2
=
Λ− 8pip(t) +K2
3
. (42)
Here, we consider p as a polynomial in t given by [8]
p(t) = p0(
t
T
)−q, (43)
where T is a constant time introduced in the problem by a re-scaling of t for
physical reasons and p0 and q are constants. Further, for simplicity, we take
q = 0 so that p(t) = p0.
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Inserting this value of p(t) in Eq. (42) and then integrating with respect
to t, we have
Y˙ 2 = F 2 − 1 + 2m
Y 2
+ (Λ− 8pip0 +K2)Y
2
6
, (44)
where m is an arbitrary function of r and is related to the mass of the
collapsing system. Using Eqs. (44) and (40) in Eq. (35), we obtain
m′ =
8pi
3
(ρ+ p0)Y
3Y ′ − KK
′
6
Y 4. (45)
For physical reasons, we assume the following energy conditions [1] are sat-
isfied:
ρ ≥ 0, ρ+ p ≥ 0, (46)
ρ ≥ 0, −ρ ≤ p ≤ ρ. (47)
Integrating Eq. (45) with respect to r, we obtain
m(r) =
8pi
3
∫ r
0
(ρ+ p0)Y
3Y ′ − 1
6
∫ r
0
KK ′Y 4, (48)
where m0 = 0 due to the finite distribution of the mass at the origin (r = 0).
The mass function m(r) > 0 because m(r) < 0 is not meaningful. Using Eqs.
(40) and (44) in the junction condition, Eq. (22), it follows that
M =
Q2
2Y
+ 2m+
1
6
(K2 − 8pipc)Y 4. (49)
This mass is located at the origin of the spherical symmetry and produces a
gravitational field in the exterior region of the sphere.
The total energy M˜(r, t) up to a radius r at time t inside the hypersurface
Σ can be evaluated by using the definition of Misner-Sharp mass [18] given
by
M˜(r, t) =
1
2
Y (1 + gµνY,µY,ν). (50)
For the interior metric, it takes the form
M˜(r, t) =
1
2
Y (1 + Y˙ 2 − (Y
′
X
)2). (51)
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Putting Eqs. (40) and (44) in Eq. (51), we obtain
M˜(r, t) =
m(r)
Y
+ (Λ +K2 − 8pip0)Y
3
12
. (52)
Now we solve Eq. (44) for the following two cases:
F (r) = 1, F (r) 6= 1.
1. Solution with F (r) = 1
First, we discuss the solution with a positive pressure. For Λ−8pip0+K2 > 0,
the analytic solutions in closed form can be obtained from Eqs. (40) and (44)
as follows:
Y (r, t) = (
12m
Λ− 8pip0 +K2 )
1
4 sinh
1
2 α(r, t), (53)
X = (
12m
Λ+K2 − 8pip0 )
1
4 [{4m
′
m
− 2KK
′√
(Λ +K2 − 8pip0)
} sinhα(r, t)
+ {2(t0(r)− t)KK ′
√
3
2(Λ +K2 − 8pip0) + t
′
0(r)
√
(Λ +K2 − 8pip0)
6
}
× coshα(r, t) ] sinh−12 α(r, t), (54)
where
α(r, t) =
√
2(Λ− 8pip0 +K2)
3
[t0(r)− t]. (55)
Here, t0(r) is an arbitrary function of r and is related to the time of the
formation of the singularity. In the limit (8pip0 − K2) → Λ, the above
solution corresponds to the 5D Tolman-Bondi solution [19]
lim
(8pip0−K2)→Λ
Y (r, t) = [8m(t0 − t)2] 14 , (56)
lim
(8pip0−K2)→Λ
X(r, t) =
m′(t0 − t) + 2mt′0
[32m3(t0 − t)2] 14
. (57)
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2. Solution with F (r) 6= 1
Integrating Eq. (44) with the conditions Λ− 8pip0 + k2 > 0 and F (r) 6= 1, it
follows that
Y (r, t) = [{ 12m
Λ− 8pip0 +K2 −
9(F 2 − 1)2
(Λ− 8pip0 +K2)2}
1
2 sinhα(r, t)
− 3(F
2 − 1)
Λ− 8pip0 +K2 ]
1
2 . (58)
Using Eq. (58) in Eq. (40), we obtain
X =
1
2F
[{ 12m
Λ− 8pip0 +K2 −
9(F 2 − 1)2
(Λ− 8pip0 +K2)2}
1
2 sinhα(r, t)
− 3(F
2 − 1)
Λ− 8pip0 +K2 ]
−
1
2 [
1
2
{ 12m
Λ− 8pip0 +K2 −
9(F 2 − 1)2
(Λ− 8pip0 +K2)2}
−
1
2
× 12m
′
Λ− 8pip0 +K2 −
24mKK ′
(Λ− 8pip0 +K2)2 −
36FF ′(F 2 − 1)
(Λ− 8pip0 +K2)2
+
36KK ′(F 2 − 1)2
(Λ− 8pip0 +K2)3} sinhα(r, t) + {
12m
Λ− 8pip0 +K2
− 9(F
2 − 1)2
(Λ− 8pip0 +K2)2}
1
2{ 2KK
′
6(Λ− 8pip0 +K2) 12
(t0(r)− t)
+ (
2(Λ− 8pip0 +K2)
3
)
1
2 t0
′} coshα(r, t) + { 6(W
2 − 1)KK ′
(Λ− 8pip0 +K2)2
− 6FF
′
Λ− 8pip0 +K2}], (59)
where α(r, t) is given by Eq. (55). If the dominant energy condition holds
(i.e., negative pressure), the restriction Λ − 8pip0 +K2 > 0 is removed, and
a solution is possible for all values of Λ, p0, and K. Equations (58) and (59)
represent the non-marginally bound solution corresponding to F (r) 6= 1.
One can easily verify the marginally bound solution given by Eqs. (53)
and (54) by substituting F (r) = 1 into Eqs. (58) and (59). The non-
marginally bound solution is impossible in a 4D gravitational collapse with
an electromagnetic field [14]. For K = 0, Eqs. (53), (54), (58), and (59)
reduce to the marginally bound and the non-marginally bound solutions of
the 5D perfect fluid collapse case [10].
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IV. APPARENT HORIZONS
In this section, we discuss the apparent horizons and their physical signifi-
cance by using the solution to the field equations. The apparent horizons can
be found by using the boundary of the three trapped spheres whose outward
normals are null. For the interior metric, this is given as follows:
gµνY,µY,ν = Y˙
2 − (Y
′
X
)2 = 0. (60)
Inserting Eqs. (40) and (44) in the above equation, it follows that
(Λ +K2 − 8pipc)Y 4 − 6Y 2 + 12m = 0. (61)
In particular, when we take Λ = 8pipc − K2, Y =
√
2m. This is called the
Schwarzschild horizon. For m = 0, p0 = 0, and K = 0, we have Y =
√
6
Λ
,
which is called the de-Sitter horizon. The following positive roots are found
from Eq. (61).
Case (i): For 4m < 3
Λ−8pip0+K2
, we obtain two horizons:
Y1 =
√
3
Λ− 8pip0 +K2 +
√
9− 12m(Λ− 8pip0 +K2)
Λ− 8pip0 +K2 , (62)
Y2 =
√
3
Λ− 8pip0 +K2 −
√
9− 12m(Λ− 8pip0 +K2)
Λ− 8pip0 +K2 . (63)
When m = 0, these reduce to Y1 =
√
6
(Λ+K2−8pipc)
and Y2 = 0. Y1 and Y2
are called the cosmological horizon and the black hole horizon, respectively.
Form 6= 0 and Λ 6= 8pipc−K2, Y1 and Y2 can be generalized [20], respectively.
Case (ii): For 4m = 3√
(Λ+K2−8pipc)
, we have repeated roots:
Y1 = Y2 =
3√
(Λ +K2 − 8pip0)
= Y, (64)
which shows that both horizons coincide. The ranges for the cosmological
and the black hole horizons are
0 ≤ Y2 ≤
√
3
Λ− 8pip0 +K2 ≤ Y1 ≤
√
6
Λ− 8pip0 +K2 . (65)
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The black hole horizon has its largest proper area 4piY 2 = 12pi
(Λ+K2−8pipc)
, and
the cosmological horizon has its area between 24pi
(Λ+K2−8pip0)
and 12pi
(Λ+K2−8pip0)
.
Case (iii): For 4m > 3√
(Λ+K2−8pip0)
, there are no positive roots; conse-
quently, there are no apparent horizons.
Now we find the formation time for the apparent horizon with the help
of Eqs. (53) and (61) given by
tn = t0 −
√
3
2(Λ− 8pip0 +K2) sinh
−1(
Yn
2
2m
− 1) 12 , (n = 1, 2). (66)
In the limit (8pip0−K2)→ Λ, we obtain the result corresponding to the 5D
Tolman-Bondi solution [19],
tah = t0 −
√
m
2
. (67)
Equations (65) and (66) imply that Y1 ≥ Y2 and t2 ≥ t1, respectively. The
inequality t2 ≥ t1 indicates that the cosmological horizon forms earlier than
the black hole horizon.
V. OUTLOOK
This paper provides an extension of our previous analysis for an electromag-
netic field in perfect fluid gravitational collapse with a cosmological constant
[14] from the 4D to the 5D case. The exact solution for the interior space-
time with a charged perfect fluid in the presence of a positive cosmological
constant is derived. The effects of an electromagnetic field on the 5D gravi-
tational collapse are as follows:
The relation for the Newtonian potential is φ = 1
2
(1 − g00). Using Eqs.
(12) and (49), for the exterior spacetime, the Newtonian potential turns out
to be
φ(R) =
m
R2
+ (Λ− 8pip0 +K2)R
2
12
. (68)
The corresponding Newtonian force is
F = −2m
R3
+ (Λ− 8pip0 +K2)R
6
. (69)
This force will be zero for
12
R = 1
(Λ−8pip0+K2)
1
3
and m = 1
12(Λ−8pip0+K2)
1
3
while it becomes repulsive
(attractive) for larger (smaller) values of m and R. For the repulsive case,
one must have Λ > (8pip0−K2) such that 8pip0 > K2 over the entire range of
the collapsing sphere. Notice that K = K(r) gives the electromagnetic field
contribution. From Eq. (44), the rate of collapse turns out be
Y¨ = −2m
Y 3
+ (Λ− 8pip0 +K2)Y
6
. (70)
Here, we have re-formulated the Newtonian model in terms of the acceleration
of the collapsing process. If 8pip0 − K2 > Λ over the entire range of the
collapsing sphere, then the force becomes attractive, and the cosmological
constant would favor the collapsing process.
Further, we have found two apparent horizons (cosmological and black
hole horizons), whose areas are larger due to the extra dimension as compared
to the values obtained from our 4D analysis [14]. The solution for the non-
marginally bound case (F (r) 6= 1) is also possible in 5D, which is not possible
in the 4D case. Equation (48) represents the total amount of the collapsing
mass contained in a sphere of radius 0 to r. This amount of mass is larger
than that to the 4D case; hence, collapsing process is faster in this case.
We would like to mention here that all our results match to 5D perfect
fluid case [10] if we take K = 0. However, the results for a 4D gravitational
collapse with an electromagnetic field [14] cannot be recovered directly. The
reason is that Eq. (61) is quartic polynomial while in the 4D case, the
corresponding equation is a cubic polynomial. In the 5D case, the roots
under the possible conditions are different than the roots in 4D. Thus, there
is only a difference of one degree in both cases, but the solutions are much
different, depending on the nature of the polynomials.
The cosmological horizon was found to form earlier than the black hole
horizon. Also, Eq. (66) shows that the apparent horizon forms earlier than
the singularity; hence, the end state of the gravitational collapse is a black
hole. These evidences agree with the 4D case. There was a possibility of
a locally naked singularity in the 4D case due to the presence of an elec-
tromagnetic field, but such a possibility may be avoided due to the extra
dimension. Thus, we conclude that 5D favors the formation of a black hole.
It is interesting to mention here that our study supports the CCH.
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